I. INTRODUCTION
Piezoelectric materials in intelligent structures are often subjected to strong driving voltages. Based on his general formulation for nonlinear thermoelectroelasticity, ' Tiersten' has recently derived a set of equations quadratic in electric fields that are suitable for studying deformations of piezoelectric materials subjected to strong driving voltages. He has also specialized these equations to fully electroded very thin plates.' These equations are also used to derive a set of two-dimensional equations for piezoelectric plates subjected to strong driving voltages,3 and to analyze a composite elastic plate with piezoelectric actuators. 4 In Ref. 2, only the piezoelectric effect is considered. In a recent review article, ' Rao and Sunar have pointed out that the composite intelligent structures have different response characteristics at different temperature8 and the temperature variation in piezoelectric materials can noticeably affect the overall performance of the control system.7 Hence, thermal effects are important in the precision distributed sensing and control of intelligent structures. According to Rao and Suna? applications of thermopiezoelectricity theory to practical engineering problems in general, and to vibration control of flexible structures in particular, are very few in the literature.8-'0 Also, the development of the thermopiezoelectric sensors/actuators is important for advanced intelligent structures.
In this article, equations derived in Ref. 2 are generalized to include thermal effects. The nonlinear constitutive relations for a thermopiezoelectric material linear in small strains and temperature variations, but quadratic in the relatively strong electric field, are obtained by retaining proper terms in the expansion of an energy density function. The complete set of the nonlinear thermopiezoelectric equations quadratic in electric fields are then specialized to the case of a thin thermopiezoelectric plate with fully electroded major surfaces.
II. EQUATIONS FOR NONLINEAR THERMOPIEZOELECTRICITY
Let the coordinates of a material particle with respect to a rectangular Cartesian coordinate system be X, in the reference configuration and yi in the current configuration. The motion of the material point is described by yi=yi(X, ,t), where t is the time. Throughout this article, a repeated index implies summation over the range of the index, and a comma followed by M (or i) implies partial differentiation with respect to X, (or yi). A dot above a quantity denotes its material time derivative.
The equations governing the fmite deformations of a nonlinear thermopiezoelectric body are*,'
Ei= -4,i 2 wL=Yi,LEi=-4,~r where p" and p are the mass densities in the reference and present configurations, KLj is the total Piola-Kirchhoff stress tensor, & is a translation operator which serves to translate a vector from the present to the reference configuration and vice versa and is required for notational consistency and clarity because of the use of upper-and lower-case indices, respectively, to refer to the reference and present positions of a material point, ulii is the mechanical displacement vector, gL the reference electric displacement, QL the reference heat flux vector, T the absolute temperature, 71 the entropy per unit mass, ea the electric permittivity of free space in mks units, Ei the electric field, Sij the Kronecker delta, Em the material strain tensor, and 4 the electric potential. Equations in the first line of (1) represent the conservation of mass, the balance of linear momentum, and the electric charge equa-tion. Equations in the second line, i.e., the heat equation and the entropy inequality are consequences of the first and second laws of thermodynamics. Equations in the fifth and sixth lines of (1) are the constitutive relations which are determined by the specification of two functions x and QK and the form of QK is restricted by the entropy inequality.
The boundary conditions at the material surface in the reference configuration with unit exterior normal NL involve the specification of either uM or NLKLj , 4 or NLsL, and T or NLQL .
The purpose of this work is to derive a set of equations for the case of small strain infinitesimal temperature variations, and strong electric fields. The only nonlinear terms to be kept are those quadratic in the electric field, as in Ref. 2. For this purpose, the scalar function x may be expanded with respect to the reference state of zero strain, zero electric field, and uniform reference temperature To:
where the material constants cABCD, eABc, ha, b,,,, , and hBc are called the elastic, piezoelectric, second-order electric permeability, electrostrictive, and third-order electric permeability, respectively. aAB and PA are the thermoelastic and pyroelectric constants, respectively. C is the specific heat, and yAB are nonlinear pyroelectric constants. In Eq. (2) we have assumed that the body is stress free in the reference configuration and have accordingly excluded the term linear in EA, on the right-hand side. The material constants satisfy SpllTlc3try l%htiOIlS, e.g., CABCD=CCDAB=CBACD=CABDC.
Equation (2) results in the following constitutive relations:
where we have set the temperature variation T -To = 8. We note that in Eq. (3)2 there are two terms involving the product of W, and EC,, and the product of WB and 0. Since a theory quadratic in electric field variables is desired, we drop these two terms and obtain We note that although Eq. (3) has some unneeded terms for the present purpose, it has the advantage of being derived from an energy density function x. The removal of the unneeded terms results in the simpler form Eq. (4), which serves the present purpose well but does not admit a scalar generating function. The existence of an energy density or generating function is important in variational and related numerical methods.
The simplest form of the function QK which satisfies the entropy inequality is' QK(T,M;ELM;WL;T)=-KKN(ELM;WL;T)T,N,
where KKN is positive definite, however KKN may still depend on E, , WL , and T. Since we are keeping only those nonlinear terms that are quadratic in the electric field, henceforth we assume that KKN does not depend on E, , WL , and T. Hence
where the constant matrix K~ is positive definite.
Equations (4) and (6) are the constitutive relations we need to consider, which are quadratic in the electric field variables and satisfy the entropy inequality.
Ill. SMALL STRAINS AND TEMPERATURE VARIATIONS, AND QUADRATIC ELECTRIC FIELDS
We now reduce the general thermopiezoelectric equations given in the previous section to the special case of infinitesimal strains and temperature variations, and quadratic electric fields. In making the reduction, powers of uM, 0, and their gradients higher than the first are dropped in all expressions, and even the linear terms themselves are dropped in comparison with any finite quantity, such as the Kronecker delta and 1, in the usual manner. In this way we obtain'
where the symbol + implies replaced by. Thus the constitutive relations in Eq. (4) The substitution of Eqs. (8) and (9) into the relevant equations in Eq. (1) (1) gives
Within our approximation, we can also write
In summary, we have obtained
Lq= eLBCsBC+ %AwA +pL 8-t-+xABLwAwB ,
which is the desired theory for small strains and temperature variations, and strong electric fields. We note that Eq. (13) 
IV. EXTENSIONAL EQUATIONS FOR THIN PLATES WITH ELECTRODED SURFACES
We now consider a thin plate with fully electroded major surfaces such as that shown in Fig. 1 , which also depicts the coordinate system used to study deformations of the plate. The major surfaces of the plate are assumed to be traction free and thermally insulated. Since we consider infinitesimal strains, we dispense with the no longer necessary convention that capital indices refer to the reference coordinates and lower-case indices refer to the present coordinates of material points, and use lower-case indices exclusively to refer quantities to the reference coordinates of material points. In 
QI= -Klke,k, where we have taken the liberty of writing D, for sL and E, for WL since the distinction between them is lost when the assumption of infinitesimal strains is employed. It is common to assume that the electroded top and bottom surfaces are thermally insulated. Therefore, the heat flux Qs on the electroded surfaces vanishes and since the plate is very thin, we may assume that Qs=O throughout the plate. 
Similarly, since the tractions T,, on the electroded major surfaces vanish and the plate is very thin, we assume that the state of stress corresponds to that of plane stress and take T,,=O throughout the plate, and Tab= Tab(Xo ,t). Since T3,,,=0, ii, must be negligible, which is always the case for the extensional deformations of thin plates. Thus for extensional deformations of the thin plate,
With T3m=0, it is advantageous to obtain strain-stress relations.2 To this end we operate on Eq. (14)t with c&l = s,,, to obtain
6, = ekpSpq 9 Taq -apspq 7 Pjkq= ijkpspq (20) and we note that d,, and 4 are well-known sets of material constantsr2 which are useful for plane stress type calcula- 
The substitution of Eq. (27) 
and then note that D,,, is of smaller order than D,,,. Hence, to the lowest order we have2
which yields D3=D3(Xa ,t).
Furthermore, since for a state of plane-stress to the lowest order S, is independent of X3, and 8 in Eq. (29)t is independent of X3 to the lowest order,13 Eqs. (33) and (29) (35) which yields E3 = -Vl2b, (36) where V is the applied voltage across the plate and 2b the plate thickness.
In summary, we have T ab,a = poiib 7 -Qa,a=
Sab= &z,b+ub,,), E,= -VDb, D,=e$,S,+ &E3+p$0+ $&E$ which can be written as three equations for the three unknowns u,(X, ,t) and 8(X, ,t). These equations generalize those given in Ref. 2, and can be used to model piezoelectric actuators with known V(t) in smart structures when heat effects need to be considered. We have also included the expression of D, in Eq. (37) which is needed when the thin plate is used as a sensor in which case V is unknown and D3 is used to determine the surface charge density on the electrodes, then V can be computed through the capacitance of the thin plate. The indices in Eq. which yields p"~=a$(S1+S2)+p~E3+poCp0+~~E;, D3=e';l(S1+S2)+ef3E3+p~B+&y$3E~.
(44
with Kkl, $, and CI$ having the same structure as & Hence 
S6=S66T6,
which can be inverted to give Tl=c~lS,+c~2S2+e~lE3+af8+$~1E~,
VI. EQUATIONS FOR A THIN PVDF PLATE For a thin plate of PVDF which is of class mm2, we have12
Hence, for a ceramic plate poled in the X3 direction, Eq. 
cflul,l+afLpB= -e';,E3-$$,E: at X,=-1,1, -Kl18,1=o at xl=-l,l, E3= -Ve'"'J2b.
Since in Eq. (61) the quadratic term Ei is prescribed, the As an example, we consider a ceramic plate poled in the X3 direction. The plate is finite in the X1 direction with -1 <X1 < 1, and infinite in the X2 direction. Like an actuator, problem is linear. The steady sate solution to Eq. (61) can be found with some algebra but no essential difficulties. The results are
where kT and kz are the two roots of the following equation for k2:
and p"w2-cfIk; p"o2-cfIk; 9T1= ctfkI ' r2= afk2 '
Similarly, kz and ki are the two roots of the following equation for k2: 
In Eqs. (63)- (66), k,-k4 and r1--r4 are all complex. Hence ur and 8 in Eq. (62) have both complex amplitudes and complex wave numbers k. The real part of Eq. (62) represents our physical process. It can be seen that V excites a motion symmetric about the center X,=0. The solution consists of two parts with frequencies eiWt and ei20t, respectively.
The quadratic term Ei contributes to the part with eiaot factor which does not exist in the results of the linear theory of thermopiezoelectricity. The part with the eiot factor is the result of the linear theory of thermopiezoelectricity. Comparing with the results of the linear theory of piezoelectricity, U1(xlJ)= e$,(VDb) C'il Jmo cos( ~p7&d, Xsin( J$ wX,)eiYt, etx, ,f) = 0, we see that the thermal effect alters not only the amplitude and wavenumber but also the phase of the motion, as is the case when damping enters the system. Here the damping is due to the irreversible heat conduction process. Because of the complex wavenumber, the X, dependence of the thermopiezoelectric solution will have both exponential and sinusoidal behavior. This is different from Eq. (67).
WI. CONCLUSIONS
We have derived a theory of thermopiezoelectricity for the case of large electric fields but small strains and small temperature variations. These equations are specialized to the case of thin plates with completely electroded major surfaces. In this case the charge equation of electrostatics is satisfied trivially to the lowest order. The thin plate equations can be used to model piezoelectric actuators or sensors when thermal effects need to be considered. The specific forms of thin plate equations are given for piezoelectric materials PZT and PVDF. An analytical example shows that when quadratic electric field and thermal effect are considered, the qualitative behavior of the solution differs noticeably from the solution of linear piezoelectricity.
